Convergence and Divergence

Lecture Notes

It is not always possible to determine the sum sé@es exactly. For one thing, it is common for
the sum to be a relatively arbitrary irrational raen
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The sum of this series isn't something simple I{Ké or m2/6 — it's just some arbitrary real
number, whose digits can be determined only by rapdogether the terms of the series.
(For example, the decimal approximation above whtined by adding together the first
hundred terms.)

We have encountered this sort of problem befdRecall that there is no way to find the
exact value of the integral:
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/ e"dr = 1.462652...
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The best you can do is a decimal approximationgusatangles or trapezoids.

For series, these sorts of problems are ubiquitdimere are very few general techniques for
finding the exact sum of a series, and even reltisimple series such &°>7, 1/n®  cannot be
summed exactly. One of the hardest problems inhemaatics, the Riemann hypothesis,
essentially just asks for what valuegpof the serie
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sums to exactly zero. This problem was first pegabnearly 150 years ago, angtitl has not
been solved. (In the year 2000, the Clay Mathematics Institabnounced a $1 million prize for
a solution to this problem.)

Because finding the exact sum of a series is so, e will usuallynot concern ourselves
with adding up a given series exactly. Insteadwiifocus on a much easier problem: can we
at least figure out whether a given series conwtrge

Positive Series

For various reasons, it is simpler to understanivemence and divergence for series whose
terms are all positive numbers. We shall refesuoh series agositive series . Because each
partial sum of a positive series is greater thanldst, every positive series either converges or



diverges to infinity. (As we shall see later oarigs with negative terms have other possible
behaviors.)

RULE FOR POSITIVE SERIES
If > a, is a positive series, then either

1. > a, converges to a positive number, or

2. > a, diverges to infinity.

We have seen many examples of convergent sereemdbt basic being:
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This series is geometric, with each term a constauitiple of the last. (In this case, each termis

half as big as the previous one.) This repeateliiptication causes the terms of a geometric
series to become small very quickly. For examible 100 th term of the above series is:
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We also know that a series diverges if its terowstchpproach zero. For example:
12,03 4
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The terms in the above series get closer and clodercausing the series to divergexto
However, there are also lots of divergent seribssg terms do approach zero. Here is an
illustrative example:

EXAMPLE 1 Consider the series
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Even though the individual terms of this seriesvasge to zero, the sum of the entire series is
infinite. To see this, consider what happens ifgn@up similar terms together:
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Because each group of terms adds up to , thesatalmust be infinite:

1+14+1+1+ - = oo m



The idea is that a series only converges ifates are small (or become smatjuickly ). For the
series in the last example, the hundredth terihyid and,the thousandth termlig4d5 — much
larger than the hundredth or thousandth term afagptric series.
Here is a picture illustrating the sum of the egiin the last example:
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As you can see, the individual terms of the seairesgetting smaller, but nquickly  enough for
the sum to be finite. By contrast, here is a petf the geometric seriést % + % + -
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The terms of this series become very small vergldyj forcing the sum to converge.

If you want to know whether a seri®@Sa,  with positieems converges, the main question is
how quickly the terms:,, approach zeromas- oo

The Comparison Test

The basic technique for understanding positiveeseis tocompare them with each other .
This is based on the following principle:

THE COMPARISON THEOREM
Let ) a, and)_b, be positive series, and suppose that

a’!l S b’!l

for each term. Then

dan < D by

That is, if the terms of " a,, are smaller than the esponding terms of b, , then the sum of
> a, must be less than the sumofb,,
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EXAMPLE 2 Determine whether the serlg —  converges or diverges.
n
n=1
SOLUTION Recall thatn” becomes large very quicklyras+ co . Tthenreciprocald /n"
must become small very quickly, which ought to eatlne series to converge.
To show this, let's examine the first few termshef series:
m1—1+1+1+1+ S
n" 27 256 3125

n=1

As expected, the terms become very small, veryktyuid=or example, each term of this series is
smaller than the corresponding term of the sepés /2"

.
4 27 256 3125
R .
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It follows thatthe sum of the top series must be smaller than the sum of the bottom series:

1+1+i+i+ < 1+1+1+1+ = 2
4 27 256 2 4 8 B

. o= 1
This proves that the serlg —  converges to some ewsmhaller than two. [ |
n

n=1

In general, if you know that a series convergesnthnysmaller series must converge as well.
On the other hand, if you know that a series dieerghen anyarger series must diverge as
well. This is the basic test for convergence:

COMPARISON TEST
Let) a, and)_b, be positive series.

1. If)> b, converges and, <b, ,théna, mustconverge as well

2. If)_ b, diverges and,, > b, ,then a, mustdiverge as well.

converges or diverges

SOLUTION We know that the sum df/2" converges:
S
n=1 2n

How do things change when we introduce the exttofafn ?
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The answer is that the new factor makes the deraion bigger:
n-2" > 2"
and therefore makes the whole fracteomaller
1 1

<
n-20 = 2n

o0 o0
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Since o converges, the smaller sefes must coneergeell. ]
1

n- 2"
n=1 n=

The argument in the above example was entirelybadge, and therefore somewhat abstract. In
case you weren't convinced, here's a numerical aosgn of the two series:

»_Lo_ 1,1 11
fsp-2n 2 8 24 64 160
L1, 11
2 4 8 16 32

n=1

Each term in the first series is smaller than theesponding term of the second series. Since
the second series adds ugto , the first series aalgsup to some number less than
In the next example, we use the comparison testidov that a series diverges:

EXAMPLE 4 The series
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is known as thénarmonic series . It is a very important fact ttied har monic series diver ges.

There are several different ways to show this,@melof them is to use a comparison.

What series should we compare to? Well, if wetwarshow that the sum of the harmonic
series is infinite, we must show that its terms laigger than the terms of another series that
sums to infinity. This requires quite a bit ofvdeness.

Here's one comparison that works:

harmonic 1 . 1 i 1 i 1 . 1 i 1 i 1 n 1 n
series 2 3 4 5 6 7 8 9
new 1 1 1 1 1 1 1 1
-4+ -4+ - 4+ -4+ -+ -+ - + = +

series 2 4 4 8 8 8 8 16

As you can see, each term of the harmonic seribsyger than the corresponding term in the
new series. But the new series diverges, whiclhbeaseen by grouping the terms together:
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Since the harmonic series is even larger thardiliergent series, it must diverge as well. W

Another way of thinking about the reasoning abevéhat, if we group together certain terms of
the harmonic series, then the sum of each groupiagleast /2 :
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34 56 78 9 16
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In some sense, the harmonic series is the most basies that diverges. Now that we know
about it, we can use it for comparisons:

. = 1 .
EXAMPLE 5 Determine whether the serids i~ converges or diverges
n
n=2

SOLUTION Recall thatinn goes to infinityery slomly as— oo . This makes tigmens of
the above series go to zero very slowly (e.g. 1@ h tetm of this series is slightly greater
than1/7), which indicates that the series ought verdje.

We can verify this by comparing with the harmosécies. It is easy to check that

Inn < n
for any value of, , and so
1 1
Inn n
o0 o0
. . . 1 . ) 1 .
Since the harmonic serids’ —  diverges, the largéesdr — must diverge as well. W
n=2 n n=2 Inn

P-Series

A p-seriesis a series of the form

wherep is a constant. For example, whea 1 , thilseharmonic series:
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Whenp = 2, itis the sum of the reciprocals of the sgsia
=1 1 1 1 1
ZE = 1 + ? + ? + E + ? + .- (p:2)

n=1

Higher values ofp would correspond to cubes, foymthvers, and so forth. The exponent
could also be a fraction. For examples 1/2 givesréogprocals of the square roots:

201 1 1 1 1
— =1+ —= + = + — + — + =1/2
2 Va3 VA ¢=1/2

The larger the value gf , the more quickly the ®mh ap -series go to zero. The following
theorem tells us how the convergence pf a -sespsmtls onp :

CONVERGENCE OF P-SERIES
Thep-series

converges fop > 1 , and diverges fox 1

That is, thep -series_ -, 1/n? behaves just like the impragtegral

*1
/ —dzx,
1 P

which is finite forp > 1, and infinite fop < 1 . This siharity betweenp -series and improper
integrals is not a coincidence. Indeed, the sistphay to show that g -series converges is to
compareit with an integral.

EXAMPLE 6 Consider the following series:

We shall show that this series converges by comgadiriwith an improper integral.



To start with, consider the following arrangemehtectangles:
y A

The areas of the rectangles ayd 1/9 1/16 , and so ¢in tke total area being the sum of the
series. However, all of the rectanglesuieler the graph ol /22 :
y A ‘

1
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In particular, the total area of the rectanglestnngdess than the area under the curve. But the
area undet /z* s finite:
oo
1
1
It follows that
=1
> 3 <1
n=2 n
In particular, this series must converge. [ |
Using this exact same argument, it is possiblétavsthat
1 ©1
— < / —dx
= npb 1 xP
for any positive exponent

In particular, fhe rie® must converge whenever the integral does.



The Hierarchy of Series

Most of the series we have been discussing fitangerarchy:

geometric series p-series

1 1 o1 T 1 T 1
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Each series in this hierarchy is the reciproca @inction from the asymptotic hierarchy (see the
Limits at Infinity notes). Because we have taken reciprocals, ther af the functions has
reversed (sd/Inn is the largest, alrfch” is the smallest)

The series on the left side of this hierarchy @vge (since they are the smallest), while the

series on the right side diverge. The barrier betwconvergence and divergence is in the
middle of thep -series:
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Note that the harmonic series is the first -sehes diverges.
Many complicated series can be handled by detémmimhere they fit on the hierarchy:

LIMIT COMPARISON TEST
Let) a, and)_b, be series of positive numbers, and supfied:

Qp ~ bn

Then the two series either both converge or botarde.

Remember that,, ~ b, meankm dn _ 1

n—0o0 Op

EXAMPLE 7 Determine whether the following series convergdieerge:

00 00 4 00 5 n
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SOLUTION For series (a), observe that:
1 1

215 n?

o0
, 1 .
SII”ICGE —; converges, series (a) must converge as well.
n
n=1



For series (b), observe that:

Since the harmonic serig diverges, series (b} divarge as well.

1
n=1 n

For series (c), observe that:
n5 + 277, 2 _ 2 n
3n gn 3

oo n
: 2 . : . .
Since E <§> is a convergent geometric series, seriagn|fsj converge as well. [ |

n=1

Some series fall between the spots shown on thiarbley. In this case, one must deduce where
the series lies:

. = In .
EXAMPLE 8 Determine whether the ser|§s —2n converges or diverges
n
n=1

SOLUTION Remember thdhn goes to infinity, but more slowlgrthny positive power of
For example,

Inn < n’%%.

Therefore, thénn in the numerator has no more effeat an’" would:

Inn < |
n2 n? n1.99'
Sincey " the smaller seljes ™" t I &
ince —5 converges, the smaller serEsF must conzrgeell.
n=1 n=1
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Based on our reasoning in the last examé]él-, niuisttd the hierarchyfter — , butefore
n n

any smaller power aof
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There are many other spots like this in the hidrarcFor example% is bigger thagl?{ , but
smaller than any other geometric series:
< ! < i < < = < = < = < ! <
3n 3n (2.999)" (2.99)" (2.9)" 2n




EXERCISES

1-4 = Determine whether the given -series converges. 15-20 = Find the position of the given series on the hidrgr

and determine whether it converges or diverges.
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5-14 = Use the Limit Comparison Test to determine whether

given series converges or diverges.

19. f: 20. Z m
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21. Does the serlez converge or diverge?

> 3 =~ 1 )
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22. Does the serlez
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converge or diverge?

23. Does the senesE: converge or diverge?
n=1

1
n)”l,

24. Does the serlez converge or diverge?

e on n=1
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